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The well-known self-similar ''blow-up'' singularity of the 2D nonlinear Schrödinger equation "NLSE… usually manifests itself in nonlinear optics as a source of catastrophic optical breakdown of materials. This singularity appears above a certain critical power of the incident laser beam or pulse. For ultrashort high power laser pulses of duration less than a picosecond, irreversible optical damage becomes less of a player due to the rather low energy fluence contained in the pulse. We discuss a situation where the above-mentioned self-similar collapse solution of the NLSE equation acts as a robust nonlinear mode which both initiates and sustains a novel and highly dynamical waveguide in air. The basic mechanism involves a repetition of the following sequence of events: explosive self-focusing at the leading edge of the pulse, collapse regularization through strong defocusing by the generated plasma in the nonlinear focal region, and decay of the intense light filament "with an accompanying turn-off of the plasma…. This sequence can occur a number of times within a single narrow pulse. If the power is increased substantially by increasing the transverse waist of the pulse, the leading edge of the pulse can undergo a transverse modulational instability with the creation of a coexisting pattern of explosive light filaments. These filaments can go through a similar recurrent sequence of collapses within the broad pulse but with no correlation between neighbors. We term this behavior ''optical turbulence.''
I. INTRODUCTION
The higher dimensional nonlinear Schrödinger ͑NLS͒ equation
with dу2, is ubiquitous in physics, appearing as the canonical model for the description of wave collapse and strong turbulence phenomena. This equation describes the propagation of a wave packet of complex amplitude ⌿, traveling at the group velocity Ј(k) ͑second term͒, while suffering dispersion ͑third term͒ and nonlinear focusing/defocusing ͑fourth term͒. It appears as a universal model of weakly nonlinear, dispersive behavior in continuum mechanics, plasma physics and optics, and describes, for example, Langmuir waves in plasmas, the behavior of a weakly nonlinear Bose gas in the classical limit, and a variety of continuous wave or pulse propagation phenomena in optics. In Langmuir turbulence, for example, the NLS equation can be derived from the Zakharov equations in the adiabatic or subsonic limit. The reader is referred to the recent and excellent review by Robinson 1 in order to gain an appreciation for the broad scope of application of the NLS equation to strong turbulence phenomena. This review article also contains extensive references to the literature. The picture that emerges in the description of strong turbulence, irrespective of physical origin, is of a large collection of coexisting collapsing wave packets sustained by some background driving source and suffering strong dissipation at small spatial scales. The source of the collapse is the well-known self-similar blow-up singularity of the higher dimensional NLS equation which in two space dimensions carries exactly one critical power. In three space dimensions the collapse is called ''supercritical'' and the collapsing nonlinear wave carries zero power in the asymptotic limit.
This mathematical singularity is nonphysical and some regularization mechanism needs to be invoked in order to prevent the extremely high intensities reached at very small spatial scales. Numerous suggestions have been made including higher order perturbation corrections to the abovementioned nonlinear wave equation, transit time damping in plasmas, and weak dissipation at the small spatial scales reached by the collapsing filament. In Langmuir turbulence, for example, dissipation kicks in when the characteristic scale reaches the Debye length. In fluid turbulence, dissipation arises as a viscous damping near the short-wavelength end of the classical Kolmogorov spectrum. The critical collapse singularity is also prevalent in nonlinear optics, causing critical sef-focusing of laser beams and pulses in both gases and condensed media. For example, a wide laser pulse undergoing amplification in a multistage glass amplifier is known to break up into coexisting intense light filaments which uncontrollably grow in intensity until the material eventually undergoes optical breakdown. The transverse break-up of a broad laser beam is known mathematically as the modulational instability and this provides a mechanism for the creation of a dense gas of coexisting interacting light filaments. One of the earlier nonlinear optical examples of the controlled formation of light filaments via the modulational instability was the classic experiment by Campillo, Shapiro, and Suydam, 2 where a long intense laser pulse propagating in liquid CS 2 , with an imposed transverse spatial perturbation, broke up into a regular array of collapsing light filaments.
II. CRITICAL SELF-FOCUSING OF LASER PULSES
The history of the collapse singularity ͑critical selffocusing͒ in nonlinear optics dates back to the early days of the field in the mid-sixties, when it was discovered that a relatively high-power cw laser beam tended to spontaneously self-focus when its input power exceeded a critical value. 3 A theoretical explanation for the critical self-focusing effect appeared simultaneously in the United States 4 and Russia 5 in 1965. A crude estimate for the critical power for collapse can be derived from the simple ray optics sketch shown in Fig. 1 . We want to estimate the critical balance between nonlinear self-focusing and linear diffraction needed to sustain a stationary waveguide. Consider a ray propagating in a waveguide formed by a central region of elevated refractive index n 1 ϭn 0 ϩn 2 ͗E 2 ͘ surrounded by a lower index region n 0 .
The critical angle c is defined as the angle at which the ray undergoes total internal reflection at the interface and the resultant ray will propagate parallel to the interface. Here ͗E 2 ͘ is the average light intensity and n 2 is the optical Kerr coefficient. A ray will undergo total internal reflection at the waveguide interface if the condition Ͻ c is satisfied where
Since both c and n 2 I/n 0 are Ӷ1, one gets
If the beam of radius a is produced by an infinite plane wave incident on an aperture of radius a, we can estimate the Fraunhoffer intensity diffraction pattern due to the circular aperture to be
where ϭ (2/) a sin , is the wavelength in the medium, is the angle of diffraction, and J 1 represents the Bessel function of first order. The largest fraction of power will be carried by rays making an angle less than that corresponding to the first zero of the Bessel function at ϭ3.83. This critical power would correspond to the situation where the beam neither diffracts not self-focuses but instead maintains a stationary waveguide. A more refined calculation for a Gaussian beam yields a more accurate estimate of the critical power. Moreover, the critical power for collapse increases for ultrashort laser pulses when the wavelength is such that the group velocity dispersion is normal. The discovery of the critical collapse ͑self-focusing͒ instability therefore predates the discovery of the fiber optical soliton by a decade. The latter was predicted in the classic paper of Hasegawa 10 Critical self-focusing of the cw laser beams and long laser pulses was essentially ignored beyond this point except for situations in which it was deemed unavoidable. It was viewed as a major inconvenience by experimentalists, as its consequences were severe, leading to optical breakdown of the transparent materials in which the light beam or pulse propagated. It was understood at the time that the physics of optical breakdown could involve the excitation of thermal, acoustical ͑hypersonic sound waves͒, and plasma degrees of freedom. As the laser pulse length was decreased, the breakdown mechanism switched from exhibiting a fluence dependence ͑integrated pulse energy͒ for long pulses to a local intensity dependence for very short pulses. The breakdown intensity threshold was observed to increase with decreasing optical pulse length and a clear transition from heatdominated ͑microsecond or longer͒ to acoustic wavedominated ͑nanoseconds͒, to plasma generation dominated ͑subnanosecond͒ damage was observed in a wide variety of materials. Optical breakdown associated with relatively long laser pulses is usually catastrophic with the pulse being strongly absorbed and defocused by the plasma generated at the nonlinear focus. This would preclude the creation of a self-sustaining nonlinear waveguide. For laser pulses typically exceeding picoseconds in duration, the plasma generation is dominated by avalanche photoionization which is a runaway electron multiplication process. 11 As the front end of the pulse self-focuses, it begins to generate plasma and the back end of the pulse accelerates the ionized electrons to produce a relatively dense plasma. For shorter femtosecondduration laser pulses, the situation is quite different, however. Multiphoton ionization, an essentially instantaneous rather than cumulative electron generation mechanism, begins to dominate. In addition, dispersion in the time direction can begin to play a more significant role in mediating the collapse process. It is in this latter regime of behavior that we will concentrate on in this article.
A number of experiments over the past five years, using high power laser pulses of duration ranging from 100 to 200 fs (10 Ϫ15 s), have provided direct evidence for the formation of a novel light guide accompanying optical breakdown in air. This surprising observation has led to a new spurt of experimental and theoretical activity in the field of critical self-focusing. Various theoretical explanations for the formation of this novel light guide have been put forward by different authors. The critical power for cw self-focusing in air is estimated to be about 1-2 GW. The first explanation offered for this phenomenon was that a stationary waveguide could be formed subsequent to the initial self-focusing of the pulse due to the generation of a self-defocusing lens by the generated plasma. 12 The idea was that a perfect balance could be sustained between the optical self-focusing and plasma-induced defocusing. A second explanation was based on the ''moving focus'' model 13, 14 derived previously to explain the self-focusing of laser pulses rather than cw beams. The latter model was necessary to account for the fact that the self-focal region, rather than being a point in space, was observed to be an extended filament. The idea is simple. Basically, if one breaks the pulse into transverse slices in the time direction and considers the power contained in each transverse slice, then those slices toward the center of the pulse will contain powers exceeding the critical power P crit for self-focusing whereas those on the wings will contain powers below P crit . Consequently, the center of the pulse will undergo critical collapse and moreover, those slices with the larger powers near the center will collapse faster. This mechanism is illustrated schematically in Fig. 2 . The end result is that the nonlinear focal region will be spread out rather than being a point focus. This explanation succeeds in describing the initial phase of generation of the light guide but cannot account for subsequent self-guiding and plasma generation. Our work in this area has focused on explaining what happens beyond the initial collapse and optical breakdown. In a series of articles, 15, 16 we demonstrated with numerical simulations that the optical light guide formed after the initial collapse event is a highly dynamic one involving multiple recurrences of the collapse in time. Moreover, we have recently extended our study beyond examining the details of a single collapsing filament and moved to study higher power initial data, where multiple collapsing filaments can be created side by side.
The higher power recent four-dimensional studies 17 now provide compelling evidence for the existence of an intense optically turbulent, femtosecond-duration light guide that can sustain itself over anomalously long propagation distances in air. This is supported by a considerable body of experimental evidence as mentioned previously. [12] [13] [14] Unlike the usual classical strong turbulence scenario referred to in Sec. I, the regularization mechanism that arrests the critical collapse singularity at small scales is not predominantly dissipative but instead is caused by a very strong defocusing lens induced by the generation of an extremely narrow plasma filament in a very narrow nonlinear focal region. Although dissipation through plasma absorption is present, it is overwhelmed by strong defocusing. As this mechanism removes very little energy at each collapse event, we anticipate a very robust situation where the background low amplitude field that feeds the instability can sustain a long sequence of recurrent collapse phenomena. This is extremely critical in the present situation as the background of low amplitude, long wavelength modes that drive the randomly collapsing optical filaments lasts for on the order of 100 or 200 fs. Consequently most of the energy from each filament is returned to the background driving reservoir.
Before embarking on a description of the dynamic spatial replenishment mechanism for forming a sustained nonlinear light guide, we remark on potential applications of this phenomenon. The explosive growth of light intensity in the nonlinear self-focal region is accompanied by dramatic growth of the pulse spectrum ͑supercontinuum generation͒ and simultaneous generation of narrow plasma spikes. Laser generation of plasma in the atmosphere is of great interest as a means of initiating and guiding lightning strikes during severe thunderstorms 18 and several experimental groups are working worldwide on this important problem. In addition, the ability to generate a white-light continuum at a preselected location in the upper atmosphere has huge potential in remote sensing and ladar applications. In fact, an experiment by a group in Jena, Germany in 1997 19 demonstrated that a terawatt power, 200 fs duration laser pulse could be fired 12 km up into the atmosphere and that the white light continuum generated could be used to detect various molecular species in the backscattered light, collected at a telescope. Given that the critical power for self-focusing in air is around 2 GW, the 2 TW pulse used in this experiment contains about 1000 critical powers! Laser light propagation in the atmosphere is severely limited by absorption and scattering by clouds and fog. An open question at present is whether these nonlinear collapsing light filaments may be able to overcome the strong scattering by micron-sized water droplets in clouds and be able to propagate more effectively through atmospheric turbulence.
III. MECHANISMS OF COLLAPSE REGULARIZATION
In previous studies, a NLS equation, restricted to radial symmetry and extended to include ionization and light-weak plasma interaction was used to explore the striking observation of long, filamentary propagation of femtosecond pulses in the air. [12] [13] [14] This model showed that an intense femtosecond pulse forms an extended nonlinear self-focal region in which a narrow plasma filament is formed. Accompanying this critical collapse is explosive supercontinuum light generation with a strong plasma-induced blueshift. This observation is consistent with the so-called ''moving focus'' model whereby different time slices of the pulse focus at different nonlinear focal lengths concomitant with the power in each slice. 13, 14 Beyond this initial stage however the basic theories differ. An interpretation which survives the scrutiny of most experiments to date and, is also consistent with the strong turbulence picture, is a highly dynamic spatial replenishment model. 15 Here the self-focused filament on the leading edge of the pulse generates a narrow plasma which strongly defocuses the remainder of the pulse. Once the intensity decreases at the back of the pulse, the plasma generation mechanism turns off and the pulse can again refocus. This sequence of events can repeat many times in principle. A very recent experiment supports this recurrent collapse mechanism. 20 Most theoretical studies of this phenomenon to date have been confined to radial symmetry and are therefore restricted to a single transverse filament. We will briefly review our results for this situation in the following. We will also ask what happens when an initially broad pulse can undergo a modulational instability, creating potentially many filaments in air. As mentioned previously, the Jena experiment 19 used a terawatt power, 200 fs laser pulse to propagate over a distance of about 12 km vertically into the atmosphere. The inital pulse waist was 6 cm yielding a Rayleigh range of 12 km. The Rayleigh range is given by z R ϭ(w 0 2 )/, where is the central wavelength of the pulse and w 0 is the pulse waist. It measures the characteristic length scale over which a laser beam increases its waist by a factor of & when propagating in a linear medium. It has been observed that this distance is a good measure of the distance for the nonlinear waveguide to form in air.
The basic mathematical model in Ref. 15 which captures the essence of the dynamical spatial replenishment is a 3D ϩ1 dimensional NLS,
coupled to the simple Drude model that describes local plasma generation,
Here, as a first approximation, drift and diffusion of the plasma can be ignored on the femtosecond time scale of the light interaction. The plasma recombination term could also be omitted, but since it is computationally inexpensive we keep it for the sake of completeness. The transverse Laplacian operator is two-dimensional ٌ Ќ 2 ϭ‫ץ‬ 2 /‫ץ‬x 2 ϩ‫ץ‬ 2 /‫ץ‬y 2 and describes transverse diffraction of the light field. The remaining terms on the right-hand side describe group velocity dispersion ͑GVD͒, absorption and defocusing due to the electron plasma, multiphoton ionization ͑MPI͒, and nonlinear self-focusing. Here is the optical frequency, ͉E͉ 2 the intensity, kϭn b k 0 ϭn b /c, kЉϭ‫ץ‬ 2 k/‫ץ‬ 2 , is the electron den-sity, the cross section for inverse bremsstrahlung, is the electron collision time, ␤ (K) is the K-photon absorption coefficient, and the nonlinear change in refractive index for a continuous wave ͑cw͒ field is n 2 ͉E͉ 2 . The normalized response function R(t) accounts for delayed nonlinear effects due to rotational Raman. The first term on the right-hand side of the second equation describes the growth of the electron plasma by cascade ͑avalanche͒ ionization where E g is the ionization potential, the second term is the contribution of MPI. The third term denotes radiative electron recombination characterized by the coefficient a.
We are interested in solutions of these equations for initial data representing either a linearly focused (ϱϾ
where P in is the peak input power, w 0 the spot size, t p characterizes the pulse length ͑full width at half maximum of intensity is then FWHM ϭͱ2 ln 2t p ). The Rayleigh range of the input beam is given by z 0 ϭw 0 2 n b / 0 . We will first restrict our study to radial symmetry in order to fully elucidate the dynamic spatial replenishment model. Following this we will extend the problem to four dimensions. In the latter case a perturbation e i⑀ f (x,y) will be applied to the input pulse in order to seed the modulational instability. In our results presented in the following, f (x,y) will either be a ''random'' superposition of plane waves, or a doubleperiodic function of the form cos(kx)cos(ky) with k chosen close to the wave number maximizing the modulation instability. The latter choice imposes a particular symmetry on the initial data which is preserved throughout the simulation. For practical purposes, we are also restricted to taking a finite cross section of a wide pulse, on the order of millimeters. We solve the above-mentioned system of equations for a 200 fs, truncated incident Gaussian pulse subject to outgoing wave boundary conditions. This mimics the situation in a central patch of a wide Gaussian transverse profile. As we are primarily interested in the formation of coexisting collapsing filaments and their subsequent longer term interactions, we choose a rather large initial perturbation with the view to minimizing the computational effort expended in solving this four-dimensional problem.
Before embarking on a discussion of the solutions, it is appropriate to remark on the validity of the above-mentioned model as a description of the physics of critical self-focusing and subsequent optical breakdown in air. The NLS equation arises naturally as a solvability condition in an asymptotic expansion of the solutions to the vector Maxwell equations under the assumption of a linearly polarized optical field. 21 As such, higher order correction terms can be computed and their contributions evaluated in a systematic fashion. The maximum optical intensities reached in our simulations correspond to the breakdown intensities for air and these cause a nonlinear induced refractive index change of the order of 10 Ϫ5 . The inclusion of higher order corrections in the abovementioned model will unlikely affect the qualitative behavior discussed in the following.
The behavior of solutions to the above-mentioned coupled system of equations will depend sensitively on the relative magnitudes of the various linear and nonlinear coefficients appearing in them. As we will show in the following, simply changing the pressure of the inert gas Ar, allows us to span a regime where group velocity dominates to a regime dominated by laser-induced breakdown. The physics of the latter process will depend sensitively on pulse duration and on the order of the multiphoton ionization ͑i.e., wavelength͒ K. Higher order multiphoton ionization leads to a very abrupt optical limiting behavior as the self-similar collapsing solution approaches the optical breakdown threshold intensity. For example, at infrared wavelengths, the order of the multiphoton ionization can vary between Kϭ7 and Kϭ4 whereas Kϭ3 at ultraviolet wavelengths, for pulse propagating in air. The asymptotic form of the self-induced waveguide is expected to be different for both wavelength regimes. It is important to appreciate the distinction between critical self-focusing ͑collapse͒ and optical breakdown. The former exhibits a critical power ͑L2 norm͒ threshold and collapse can be initiated for initial data with low peak intensities. On the other hand, the optical breakdown threshold is determined by peak intensity and this is typically a rather large number. Moreover, for pulses of duration on the order of 100-200 fs, the GVD is a small parameter. The GVD term only becomes significant when the pulse develops strong gradients in time which happens well into the collapse regime. Therefore in the initial stages, the evolution is well described by the two-dimensional ͑2D͒ NLS equation and the other terms ͑in the NLS and plasma density equations͒ only turn-on when the critical self-focusing solution has progressed a significant distance along the well-known selfsimilar collapse manifold. 22 This situation also exists between recurring critical collapses that are regularized by plasma generation. In other words, the self-similar collapse solution of the 2D NLS is the robust nonlinear mode which sustains the novel atmospheric light guide.
A. Group velocity dispersion vs optical breakdown
A wealth of novel nonlinear behavior related to ultrashort optical pulse propagation remains to be explored. The physical mechanism for regularization of the collapse singularity may depend sensitively on the relative magnitudes of the optical Kerr nonlinearity, normal GVD coefficient, optical breakdown intensity, and also on the order of multiphoton absorption process. The latter suggests a strong wavelength sensitivity. In gases, the various linear and nonlinear coefficients appearing in the above-mentioned system of equations also depend on the pressure. A preliminary study 16 of pressure dependence of the collapse regularization mechanism was carried out for the inert gas Ar as the various optical and material coefficients are well established for this medium. At the wavelength of 0 ϭ586 nm, the order of the multiphoton ionization ͑MPI͒ is Kϭ8. The pressure dependence of the various linear and nonlinear coefficients appearing in the above-mentioned equations is illustrated in Fig. 3 .
The normal GVD coefficient kЉ, nonlinear Kerr coefficient n 2 , and multiphoton ionization coefficient ␤ (8) all increase linearly with increasing pressure. On the other hand, the plasma defocusing coefficient and electron collision time decrease with increasing pressure while the crosssection , which measures plasma absorption, initially increases and then decreases with increasing pressure. The high order of the MPI nonlinearity leads to extreme sensitivity of the collapse regularization and leads to problems with maintaining adequate resolution in the numerics. The numerical algorithm used in this study assumed a fixed spacetime grid and was unable to resolve the details of the collapse adequately in the intermediate pressure regimes. We will take up the issue of an improved adaptive mesh numerical approach in a later section. A useful summary of the expected behavior of the collapse of a 200 fs pulse over a broad pressure range is displayed in Fig. 4 . At high gas pressures, we observe strong self-focusing that is arrested either by normal GVD or multiphoton ionization ͑MPI͒. At p ϭ1000 atm, normal GVD dominates MPI and we observe the classic pulse splitting as a mechanism for the arrest of collapse. Figure 5 shows pulse splitting with accompanying optical wave breaking ͑dispersive shock regularization͒ in the GVD-dominated regime. The shock generated along the time direction is a consequence of an effective defocusing NLS behavior occurring in this direction. The pulse defocuses rapidly and cannot sustain a propagating waveguide in this regime. Accompanying the collapse is an explosive spectral broadening as shown in the contour plot superimposed on the pulse shape in Fig. 5 . Reducing the pressure we observe that the GVD coefficient is reduced and MPI competes strongly at a pressure of pϭ100 atm. At the other extreme, the low pressure regime is dominated by plasma generation with an accompanying strong spectral blueshift and defocusing. The collapse singularity plays a minor role in the latter pressure regime. For pressures 1Ͻ pϽ10 atm, selffocusing and plasma generation compete and we observe interesting collapse recurrence phenomena. The behavior observed in this latter regime is also that expected for femtosecond pulse propagation in air and we will concentrate on this regime from now on. The main lesson to be learned from the Ar study is that a rich physical parameter space exists and remains to be explored.
For an incident pulse of reference wavelength of ϭ980 nm, the group velocity dispersion ͑GVD͒ of air is positive ͑normal group velocity dispersion͒. Also the order of the MPI Kϭ4 at this wavelength so there is hope that we can extend the numerics further without encountering diffi- culty. From the measured optical parameters of air, GVD does not become a significant player until well beyond the optical breakdown intensity (I th ϭ2ϫ10 14 W cm Ϫ2 ). We retain this term in our simulations, as plasma defocusing causes a very strong evacuation of the optical field immediately behind the collapsing filament and this can lead to severe time compression of the filament. Our simulations were carried out using a split operator method on a fixed timespace grid. This restricted our studies to initial data containing no more than about seven critical powers ( P c ϭ1.7 GW). Figure 6 shows a sequence of frames for an initial Gaussian pulse propagating in air as it progresses through a sequence of recurring collapses in time and along the propagation direction. The input beam waist was 0.7 mm, and the initial peak power was equal to 7 P c . The simulation was restricted to radial symmetry so only one focused light filament appears at a point in space. The pictures show the onset of the initial critical collapse on the leading edge of the pulse with the resulting turn-on of plasma at the intense central spot. The plasma has not decayed by the time the pulse has passed as the plasma recombination time is on the order of a few picoseconds, much longer than the pulse duration. Once the generated plasma arrests this initial collapse, the focused light filament persists for a while but the back of the pulse sees a strongly defocusing lens which pushes the light energy radially outwards, creating a hole in the center. Once the light intensity drops at the back of the leading filament, the plasma generation turns off. As long as there is sufficient power in a transverse cross section of the pulse to exceed P c , that section of the pulse can undergo a further collapse. We therefore see the appearance of a secondary collapsing light filament as the one on the leading edge decays. The new collapsing light filament generates a new plasma spike and the pattern repeats at least one more time within the 200 fs time span of the propagating pulse. An obvious question is how often such a sequence of recurring collapses can repeat. For propagation in air, the dissipation due to the plasma is much weaker than the defocusing term ӷ1, so most of the energy is defocused by the plasma and returned to the low amplitude, long wavelength background. This can fuel further collapses.
The recurring collapses along the pulse leave a series of plasma spikes in its wake. These persist for much longer than the optical pulse itself and can be measured from the photoluminescence emitted by the hot plasma. Recent experiments 20 have verified that multiple plasma spikes are created in air supporting the theoretical results presented here. These spikes are like elongated conducting wires and hence their potential for lightning initiation and guiding. Moreover the collapse process itself leads to an explosive growth in the pulse spectrum 22 and it has been demonstrated that the supercontinuum generated has potential uses in detecting various molecular species in the atmosphere. Absorption features in the backscattered white light provide fingerprinting for simultaneously detecting many complex molecular species.
B. An optically turbulent light guide
The initial power in the pulse can be increased considerably by expanding its waist. In the Jena experiment 19 quoted previously, the waist was about 6 cm and the power about 2 TW. With the estimated critical power P c for air being 2 GW, the pulse contains around 1000 critical powers. Therefore we expect that filaments can be seeded across the pulse via a modulational instability. The scenario of recurring collapses should still persist but now in a much more complex form with interactions also occurring between the transversely collapsing sections of the pulse. We must dispense with the assumption of radial symmetry and treat the full four-dimensional problem of three space dimensions and time. We deliberately seed a modulational instability on the broad transverse profile in order to accelerate the onset of collapse. The initial unperturbed pulse waist was chosen w 0 ϭ0.7 cm, and we used the computational domain with the same transverse dimension and applied outgoing wave boundary conditions. Initially, the peak power in the computational domain was 35 times the critical power for selffocusing in air. An estimate can be made of the amount of energy dissipated relative to the induced refractive lens, per collapse event from the parameters for air. This confirms that defocusing is the dominant mechanism for regularizing the singularity, in contrast to the usual strong turbulence scenario. 1 Our simulations mimic the situation at the center of a very broad pulse by considering a finite central patch and imposing either outgoing wave or periodic boundary conditions at the edges. This is necessary in order that the computations become feasible. The perturbations added to the smooth truncated Gaussian profile first grow and begin to collapse nominally between 8 and 9 m. Figure 7 shows a sequence of movie frames showing the random creation of collapsing light filaments, their decay and regeneration within a single pulse, at different propagation distances z.
These isosurfaces are created by thresholding the transverse intensity spikes at a fixed intensity level well into a collapse. Each picture corresponds to sweeping from the front ͑left͒ to the back ͑right͒ of the pulse. The time evolution of these randomly bursting filaments is recorded at zϭ9, 9.9, 10.8, and 11.7 m. A continuous evolution between zϭ8.0 and 13.0 m shows the initial creation of filaments on the leading edge of the pulse, their decay and random recurrence at later times. This recurrence is not synchronized at fixed time intervals as might be anticipated from the radial symmetry case above. 15 The symmetry imposed by the initial perturbation is retained throughout the evolution as seen clearly on the front of the pulse at zϭ11.7 m. At zϭ9.9 m, we observe the merging of two filaments into a broader single one near pulse center. Figure 8 shows full details of the intensity filaments at three time slices within the pulse at zϭ10.0 m. The top slice is near the leading edge of the pulse (tϭϪ50 fs) and shows eight prominent spikes. The hollow regions surrounding each filament represent light evacuated through the creation of the strong plasma induced defocusing lens. These light filaments then rapidly decay into the broad low intensity long wavelength background. The light intensity within this low amplitude background reorganizes itself and a second recurrence of the collapse is observed around pulse center (tϭ0 fs). This scenario repeats with a third recurrence near the back of the pulse (zϭ50 fs). This situation persists to longer propagation distances although the numerics becomes stressed at about 13 m due to the development of very sharp space gradients and time gradients within the field and plasma density. Although time dispersion is not a key player in regularizing the collapse here, it plays a crucial role in redistributing the energy along the pulse.
The question of experimental detection of these nonlinear phenomena becomes a major issue as the phenomenon is highly transient by nature. In recent years special detection techniques have been developed and are now being used by various experimentalists. Usually, the total energy fluence can be detected in a straightforward manner. However this detection method integrates the pulse in time and tends to blur out the details of the rich chaotic filamentary bursts. 
C. An adaptive mesh parallel solver
We have developed an adaptive mesh, parallel algorithm which resolves sharp gradients in all three space and the time dimensions. This allows us to push the numerical simulations significantly further and to higher initial powers. The resulting code also scales up efficiently in parallel on our 14-processor Silicon Graphics ONYX2 supercomputer. The adaptive regriding scheme we have chosen is tailored specifically to the pulse propagation problem which, in fact, motivated the development of the code. The computational grid, which dynamically evolves along the propagation direction, is a direct product of its x -y cross-section and of an independently regrided one-dimensional time lattice. Thus, at each transverse point ͓x,y ͔, the history of the field and of the medium is sampled in the same way. The computational arena consists of a regular base grid with, optionally, smoothly varying density of nodes, and a series of higher level grids with higher densities around computationally difficult regions. Figure 9 illustrates four levels of regriding with the high resolution subgrid located at the point corresponding to intensity filaments on the right. Each higher level contains all lower level subgrids and the solver can modify all nodes visible at the given level, though these are realized only in their native subgrids. This provides the solver with some degree of freedom in constructing the update sequence. It can either view the given level as an irregular lattice and solve the equations there or it can choose to update in a hierarchical fashion with lower levels providing boundary conditions for finer grid patches at higher levels. The direct product structure of the grid leads to some unnecessarily introduced computational points, but has other advantages related to the nature of the problem. Namely, this approach is well suited to equations with a finite medium response. For example, if the edge of a filament generates plasma in a narrow region, the tail of the filament usually needs an equally fine grid. Moreover, the equation solver can be efficiently parallelized.
To solve the model equations, we mostly use an operator splitting technique, separating linear propagation from the nonlinear medium response. Diffraction and group velocity dispersion terms of the field equation are treated by a series of Crank-Nicolson updates which can be applied either to a complete set of nodes at a given grid level, or in a hierarchical fashion by recursively updating higher levels within the lower level updates. The plasma density equation is solved along with the field equation by either a trapezoidal rule or a Runge-Kutta method. For this choice of algorithm, the whole problem decouples into a series of independent onedimensional problems which can be effectively parallelized.
The ultrashort light pulse propagation code operates over large amounts of memory space. Since it employs an adaptive algorithm which creates multiple levels of fine-grid patches around events of strong spatial and temporal compression, its computational arena dynamically changes. To achieve efficient parallelization, we take advantage of the operator splitting algorithm used for integrating the underlying optical field and medium-response equations. Operator splitting results in a series of essentially one-dimensional problems which are not coupled during the operator split step; coupling only occurs in alternate split steps which in turn are decoupled along one or the other coordinate direction. It is therefore straightforward to assign independent chunks of work to different CPUs by parallelizing main loops of the integrator step. If the computational grid was a conventional rectangular grid, the load balancing would also be simple because the workload would be evenly distributed over the computational model space-time. However, to achieve a good load balance on a hierarchical grid requires a special arrangement. For a given grid hierarchy, the algorithm keeps a dynamical list of regions which can be updated independently and in an arbitrary order at a given integrator step. The list, together with dynamic scheduling, is then used to distribute the workload evenly among the processors. That way, all processors can take part in integrating equations in a computationally difficult region, even if it is spatiotemporally strongly localized. The core of the integrator can be almost fully parallelized, there are, however, tasks related to the maintenance of the hierarchical grid structure, which must be executed in a serial fashion. Generally, adaptive regriding stages introduce serial portions in the code. Their contribution depends on concrete circumstances that can change during the simulation according to the need of creating new subgrid patches and of destroying those which are not needed any more. Nevertheless, the algorithm typically spends just a fraction of the total time in the serial portions of the code.
IV. CONCLUSIONS
In conclusion, we have provided direct numerical evidence for the existence of a robust self-generating femtosecond light guide propagating in air. The sequence of events involves a modulational instability of a long wavelength low amplitude background which seeds the nucleation of a sea of critical collapsing filaments. The latter compress violently in both space and time until the peak intensity reaches the optical breakdown threshold for air (I th ϭ2ϫ10 14 W cm Ϫ2 ), at which instant a strong plasma-induced defocusing lens is formed and the light is evacuated behind each filament. The amount of energy dissipation per filament is small, and most of the defocused optical energy is made available to the low amplitude background reservoir for further nucleation of filaments. The locations at which the intense optical filaments are generated is random in space and time. The scenario here reflects many of the features observed in strong turbulence. However, the primary arrest mechanism is not dissipation but refraction of light. In addition the interaction is driven by the low amplitude background within the pulse with no external forcing and this lasts for about 200 fs. Despite the highly transient nature of the phenomenon, it is extremely robust and allows intense small scale filaments to propagate over distances much longer than their corresponding linear diffraction length.
There are many open questions to be addressed in understanding this novel light guiding phenomenon. In atmospheric propagation, the situation that emerges will depend on whether the propagation is horizontal or vertical. During propagation of laser pulses into the upper atmosphere, the system parameters ͑optical nonlinearity, linear dispersion, etc.͒ will decrease with pressure ͑see Fig. 3͒ . Therefore the critical power to sustain a filament and the self-focusing distance will increase. However, high filament density and a sufficient background reservoir of energy should suffice to maintain the power above critical. One could then imagine the adiabatic merging of multiple filaments into progressively larger ones with increasing vertical distance. There are a number of obvious extensions that are necessary to the above-mentioned NLS model. In assuming a scalar singly polarized field, we ignore the possibility of a polarization instability being induced during the onset of critical collapse. We have derived a vectorial NLS model with higher order perturbation corrections directly from Maxwell's equations utilizing a multiple scales singular perturbation expansion. We are currently extending our study to vectorial collapse and are systematically evaluating the contribution of the various higher order corrections. Very preliminary results suggest the existence of a polarization instability as the collapse singularity develops and the possibility of the coexistence of turbulent polarization domains. There are also situations with very weak GVD and high optical breakdown thresholds where the space and time compression of the filaments is so severe as to violate the underlying envelope assumptions used here. We have been developing fourdimensional vector Maxwell models in parallel with the above-mentioned study in order to evaluate whether breakdown of transversality of the optical field and optical carrier shocking, for example, become a player.
